We show that the usual Hodge conjecture implies the general Hodge conjecture for certain abelian varieties of type III, and use this to deduce the general Hodge conjecture for all powers of certain 4-dimensional abelian varieties of type III. We also show the existence of a Hodge structure M such that M occurs in the cohomology of an abelian variety, but the Tate twist M (1) does not occur in the cohomology of any abelian variety, even though it is effective.
Introduction
Consider a Hodge structure V C = ⊕ p+q=n V p,q of weight n. The Hodge structure is said to be effective if V p,q = 0 unless p, q ≥ 0. It is said to be geometric if it is isomorphic to a Hodge substructure of the cohomology of a smooth projective algebraic variety over C. For an integer m, the Tate twist V (m) is the Hodge structure of weight n−2m defined by V (m) p,q := V p+m,q+m .
The general Hodge conjecture as formulated by Grothendieck [9] implies that any Tate twist of a geometric Hodge structure is again geometric, provided that it is effective. We say that a smooth projective variety X is dominated by a class of varieties Y if, for every irreducible Hodge structure M occurring in the cohomology of X, the Tate twist M (h) occurs in the cohomology of some member of Y, where h := min{p | M p,n−p = 0} is the height of the Hodge structure. Grothendieck observed that the general Hodge conjecture for X is implied by the existence of a class of varieties Y which dominates X, together with the usual Hodge conjecture for Y × X for each Y ∈ Y (cf. [2, Proposition 2.1, p. 343]). In a series of papers ( [2] , [4] , [5] ) we showed that certain abelian varieties are dominated by subclasses of the class of all abelian varieties, and used this to deduce the general Hodge conjecture in some cases. This raised the question of whether every abelian variety is dominated by the class of all abelian varieties. We answer this question in the negative in this paper (Theorem 5.5).
Let A be a simple abelian variety of type III. Recall that A is said to be of type III if its endomorphism algebra D := End(A) ⊗ Q is a totally definite quaternion algebra over a totally real number field. Assume that A is a general member of a PEL-family. In [2, Theorem 5.1, p. 348] we showed that A is dominated by the set of powers of itself, provided that m := dim D H 1 (A, Q) is odd. Using this we were able to prove the general Hodge conjecture for all powers of certain 6-dimensional abelian varieties of type III in [3, Example 5.1, p. 674] . In this paper we show (Theorem 4.1 and Proposition 5.1) that A is dominated by the powers of itself if and only if disc T , the discriminant of the D-valued skewhermitian form determined by a polarization of A, is not a square. As a consequence we prove the general Hodge conjecture for all powers of certain 4-dimensional abelian varieties of type III (Corollary 4.3).
When disc T is a square and m = 4, we show that there exists an abelian variety B such that A is dominated by abelian varieties of the form A i × B j (Theorem 5.3). However, when disc T is a square and m > 4, we show that there exists a Hodge structure M ⊂ H m (A, Q) such that M (1) is effective but does not occur in the cohomology of any abelian variety (Theorem 5.5). The least dimension of the abelian varieties in which these extraordinary Hodge structures occur is 12, in which case M ⊂ H 6 (A, Q). Weil [24] proposed that certain Hodge cycles be considered as possible counterexamples to the usual Hodge conjecture. In the same spirit, we suggest that these extraordinary Hodge structures be used as a testing ground for the general Hodge conjecture.
Acknowledgements. Lemma 2.1.1 was formulated during a discussion with Chad Schoen at Banff in June 1998. I thank him for this and other suggestions. I thank the referees for their careful reading of the manuscript; their comments have helped improve the paper.
Notation and conventions. All abelian varieties are over C. For an abelian variety A, we let D(A) := End(A) ⊗ Q be the endomorphism algebra of A, we denote by G(A) the Hodge group of A ( §2.1), and we write g(A) for the Lie algebra of G(A). The semisimple part (derived group) of G(A) is denoted by G ss (A), and g ss (A) := Lie G ss (A) is its Lie algebra.
The definition of dominated given in this paper is slightly different from that given in [2, p. 344] ; the two definitions are equivalent if the general Hodge conjecture is true.
Abelian varieties and Hodge groups
2.1. Hodge groups. By a Hodge structure of weight n, we mean a finitedimensional vector space V over Q, and a direct sum decomposition V C = ⊕ p+q=n V p,q such that V p,q = V q,p . Let S be the real algebraic group such that S(R) is the unit circle in the complex plane. Then a Hodge structure V determines a morphism
of real algebraic groups such that τ V (e iθ ) acts as multiplication by e (p−q)iθ on V p,q . The Hodge group of V is defined to be the smallest Q-subgroup, G, of GL(V ) such that G R contains the image of τ V . The Hodge group, G(A), of an abelian variety A is defined to be the Hodge group of V := H 1 (A, Q). A Riemann form for A gives an isomorphism of V with V ⋆ which is a morphism of Hodge structures, so the Hodge group of A may also be defined as the Hodge group of H 1 (A, Q) ∼ = H 1 (A, Q) ⋆ . The Hodge group of an abelian variety is a connected, reductive group of hermitian type which has no nontrivial, connected, normal Q-subgroup H such that H(R) is compact ( [12] , [6] , [8] ).
Lemma 2.1.1. Let M be a Hodge structure contained in the cohomology of an abelian variety A. Then the Hodge group of M is a quotient of the Hodge group of A.
Proof. Let G be the Hodge group of A, H the Hodge group of M , and, V := H 1 (A, Q). Since M is a G-submodule of the exterior algebra of V , we have a morphism ϕ : G → GL(M ). This is compatible with the Hodge structures in the sense that ϕ(τ V (g)) = τ M (g) for all g ∈ S(R). Therefore ϕ(G) contains the image of τ M , and hence contains H. Since ϕ −1 (H) is a Q-subgroup of G containing the image of τ V , we see that ϕ −1 (H) = G. Thus H = ϕ(G).
Kuga fiber varieties.
A general reference for this subsection is Satake's book [17] .
Let G be a connected, semisimple, linear algebraic group over Q. Assume that G is of hermitian type, and has no nontrivial, connected, normal Qsubgroup H such that H(R) is compact. Then X := G(R) 0 /K is a bounded symmetric domain, where K is a maximal compact subgroup of G(R) 0 . Let g := Lie G be the Lie algebra of G, k := Lie K, and let g R = k ⊕ p be the corresponding Cartan decomposition. Let o be the unique fixed point of K in X. Differentiating the natural map G(R) 0 → X gives an isomorphism of p with T o (X), the tangent space of X at o, and there exists a unique H 0 ∈ Z(k), called the H-element at o, such that ad H 0 |p is the complex structure on T o (X).
Let β be a nondegenerate alternating form on a finite-dimensional rational vector space V . The symplectic group Sp(V, β) is a Q-algebraic group of hermitian type; the associated symmetric domain is the Siegel space
β(x, Jy) is symmetric, positive definite}.
Let ρ : G → Sp(V, β) be a representation defined over Q. We say that ρ satisfies the H 1 -condition relative to the H-elements H 0 and
for all g ∈ g R , and we say that ρ satisfies the H 2 -condition if
Assume that the H 1 -condition is satisfied relative to H 0 and H ′ 0 . Then there exists a unique holomorphic map τ : X → S(V, β) such that τ (o) = J, and the pair (ρ, τ ) is equivariant in the sense that
Let Γ be a torsion-free arithmetic subgroup of
is a smooth quasiprojective algebraic variety (see [6, p. 74] ); the natural projection A → V := Γ\X makes A a fiber variety over V called a Kuga fiber variety. The fiber A P over any point P ∈ V is an abelian variety isomorphic to the torus V R /L with the complex structure τ (x), where x is a point in X lying over P .
, be H 2 -representations defining Kuga fiber varieties A j → V. Let P ∈ V. If ρ 1 and ρ 2 are equivalent as representations of G, then, the abelian varieties A 1,P and A 2,P are isogenous.
Proof. Let ψ : V 1 → V 2 be an equivalence, and ψ ⋆ the induced isomorphism from GL(V 1 ) to GL(V 2 ). The abelian variety A j,P is the torus V j,R /L j with the complex structure J j , where L j is a lattice in V j , and J j = 2dρ j (H 0 ). Since ψ ⋆ (J 1 ) = J 2 , ψ induces an isogeny from A 1,P to A 2,P .
Hodge families.
Given an abelian variety A, Mumford [12] constructed a Kuga fiber variety having A as a general fiber. These Kuga fiber varieties are called Hodge families, and have interpretations as solutions to fine moduli problems. We briefly review Mumford's construction here.
Let A be an abelian variety, and V := H 1 (A, Q). As a complex torus, A is isomorphic to V R /V Z with a complex structure J, where V Z is the lattice H 1 (A, Z). A polarization of A determines a Riemann form, i.e., an alternating form, β, on V such that β(V Z , V Z ) ⊂ Z, and β(x, Jy) is symmetric and positive definite. Let X be the symmetric domain belonging to G ss (A), and choose a base point o ∈ X. The inclusion
satisfies the H 1 -condition with respect to the H-elements at o and J. Let Γ be a torsion-free arithmetic subgroup of G ss (A) such that ρ(Γ)(V Z ) ⊂ V Z . The Kuga fiber variety A → V obtained from this data is called the Hodge family determined by A. If P is the image of o in V, then the fiber A P is isomorphic to A, and the Hodge group of every member of the family is contained in G(A).
Let G be a connected, semisimple, linear algebraic group over Q of hermitian type. Assume that G has no nontrivial, connected, normal Q-subgroup H such that H(R) is compact. Any Kuga fiber variety A → V constructed from a symplectic representation ρ : G → Sp(V, β) satisfying the H 2 -condition, is a Hodge family, and the Hodge group of a general fiber equals ρ(G).
Primary representations.
Recall that a fully reducible representation is called primary if all irreducible representations contained in it are equivalent. Let ρ : G → Sp(V, β) be an H 1 -representation of a semisimple hermitian group G over Q. We have the primary decomposition V = ⊕ α V α , where the V α are the maximal primary G-submodules of V (cf. Satake [17, p. 167 
satisfies the H 1 -condition (see Satake [17, Lemma IV.4.2, p. 181] and the remarks following it).
Lemma 2.4.1. Let ρ : G → Sp(V, β) be a primary representation satisfying the H 1 -condition, and defined over Q. Suppose G = G 1 × G 2 , and G 1 (R) has no compact factors. Then either G 1 or G 2 acts trivially on V .
Proof. Suppose both G 1 and G 2 act nontrivially on V . Let U be an irreducible submodule of V Q . Then U τ is also an irreducible submodule of V Q for any automorphism τ of Q, and we have V Q equal, up to multiplicity, to the sum of the distinct Aut(Q)-conjugates of U (see Satake [16, §1.1, pp. 218-221]). If G 1 (resp. G 2 ) acts trivially on U , then G 1 (resp. G 2 ) acts trivially on every conjugate of U , so we infer that both G 1 and G 2 act nontrivially on U .
Some simple factor H of G 2 acts nontrivially on U . We have H = R K/Q H, where K is a totally real number field, H is an absolutely simple group over K, and, R K/Q means restriction of scalars from K to Q (see Satake [16, p. 259] ). Let S be the set of embeddings of K into R, let L be the Galois closure of K, and let G := Gal(L/Q). Then G acts transitively on S. We have
One of the factors, say H a , acts nontrivially on U . Since G acts transitively on S, there exists σ ∈ G such that a σ = b, and, b ∈ S 0 . Extend σ to an automorphism of Q, and denote the extension again by σ. Then U σ is an irreducible subrepresentation of V Q such that both G 1 and H b act nontrivially on it.
Let V R = ⊕ α V α be the primary decomposition of V R as a G R -module. Then we have V C = ⊕ α V α,C . Since U σ C is an irreducible submodule of V C , there exists α such that V α,C contains a submodule equivalent to U σ C . Then both G 1 and H b act nontrivially on V α . Since G 1 (R) has no compact factors, and H b (R) is not compact, this contradicts Satake's result that each R-primary subrepresentation of ρ R can be nontrivial on only one noncompact factor of G(R) (Satake [17, pp. 185-186] ).
3. An algebraic group and its Lie algebra 3.1. Quaternionic skewhermitian forms. Let k be a totally real number field, D a totally definite quaternion algebra over k, and x →x the canonical involution of D. Let V be a left vector space of dimension m over D. Let T be a D-valued skewhermitian form on V , i.e., a k-bilinear form T : V × V → D such that T (ax, by) = aT (x, y)b and T (y, x) = −T (x, y) for all a, b ∈ D and all x, y ∈ V . We assume that T is nondegenerate. Recall that the determinant det T is the reduced norm from M n (D) to k of a matrix representation of T , and the discriminant of T is disc T = (−1) m det T . The determinant and discriminant are only well-defined modulo squares; i.e., they are elements of k × /k ×2 . Let G be the group R k/Q G obtained by restricting scalars from k to Q. It is a semisimple algebraic group over Q for m ≥ 2, and is Q-simple for m > 2.
Let S be the set of embeddings of k into R. Then the real Lie group G(R) is given by
where G α is the group of real points of G ⊗ k,α R. 
a Cartan subalgebra is given by
and an H-element is given by (diag(a 1 , . . . , a 2m )) = a j . A simple system of roots of g α,C is given by ∆ = {α 1 , . . . , α m }, where α j = λ j − λ j+1 for 1 ≤ j ≤ m − 1, and, α m = λ m−1 + λ m .
The fundamental weights of g α,C with respect to h C are µ 1 , . . . , µ m , where
Let W be the standard representation of g α,C . Then j W is an irreducible 
Abelian varieties of type III
Let A be a simple abelian variety, and D := D(A) := End(A) ⊗ Q its endomorphism algebra. We assume in this section that A is of type III; i.e., D is a totally definite quaternion algebra over a totally real field k. . The group G := Aut D (V, T ) 0 is then of the type discussed in §3.2, and we shall henceforth use the notations introduced in §3. The group G is a semisimple group of hermitian type, and its inclusion in Sp(V, β) satisfies the H 2 -condition. The resulting Kuga fiber variety is a PEL-family in the sense of Shimura [21] . For proofs of these facts, and more details, we refer the reader to Satake [17, Example IV.7.2, p. 200], and to [3] . Theorem 4.1. Let A be a simple abelian variety of type III. Assume that A is a general member of a PEL-family. Let T be the skewhermitian form determined by a polarization of A. If the discriminant of T is not a square, then any power of A is dominated by the set of powers of A, and the usual Hodge conjecture for A implies the general Hodge conjecture for all powers of A.
Proof. Proposition 2.3.1 implies that the Hodge group of A is G. We shall now explicitly describe the Hodge structure on the cohomology of A, in terms of the action of G on V (see also the proof of [2, Theorem 5.1, pp. 348-353]). Corresponding to the decomposition (3.2.1) of G(R), we have
where each V α is a real Hodge substructure of V R such that G β acts trivially on V α unless α = β. The action of g α on V α is given by
(Satake [15, (17) , p. 433 and §3.3, pp. 449-451]) with respect to a suitable basis of V α,C , which we call
This notation is somewhat perverse, but has been chosen to simplify some of the expressions later in the proof. We observe that
where W α has basis {u 1 , . . . , u 2m }, and its complex conjugate, W α , has basis {v m+1 , . . . , v 2m , v 1 , . . . , v m }. The action of g α,C ∼ = so 2m (C) on both W α and W α is equivalent to the standard representation.
With respect to the basis B, the complex structure on V α is given by
. From this we see that the Hodge structure of V α is
where V 1,0 has the basis {v m+1 , . . . , v 2m , u 1 , . . . , u m }, and, V 0,1 has the basis {u m+1 , . . . , u 2m , v 1 , . . . , v m }. It follows that
where W 1,0 α has basis {u 1 , . . . , u m } and consists of (1, 0)-forms, while W 0,1 α has basis {u m+1 , . . . , u 2m } and consists of (0, 1)-forms. Since u belongs to U 2,α (it is a vector of highest weight), we conclude that U 2,α contains an (m, 0)-form, while U 1,α contains no (m, 0)-forms.
Since disc T is not a square, the Tits index of G is 2 D
m,r , where r is the k-rank of G [22, p. 57] . In this case, Gal(k/k) transposes the roots α m−1 and α m , while leaving α 1 , . . . , α m−2 invariant. This implies that the weights 2µ m−1 and 2µ m belong to the same orbit of Gal(k/k). Therefore, if U is a G-module such that U C contains U 1,α , then U C must contain a G α (C)-module equivalent to U 2,α . It follows that if U is the smallest Hodge structure containing U 1,α , then U C contains (m, 0)-forms. We may then proceed as in the proof of Case 3 of [2, Theorem 5.1, pp. 352-353] to show that any power of A is dominated by the set of all powers of A, and hence the usual Hodge conjecture for all powers of A implies the general Hodge conjecture for all powers of A. To complete the proof we note that by [ [7] ). In the 6-dimensional case we were able to deduce the general Hodge conjecture. In the next corollary we do the same for the 4-dimensional case. The general Hodge conjecture in the 8-dimensional case remains open. 
An extraordinary Hodge structure
Throughout this section we retain the notations introduced in previous sections, including the proof of Theorem 4.1. First, we prove a converse to Theorem 4.1.
Proposition 5.1. Let A be a simple abelian variety of type III. Assume that A is a general member of a PEL-family. Let T be the skewhermitian form determined by a polarization of A. If the discriminant of T is a square, then A is not dominated by the set of powers of itself.
Proof. The Tits index of G is 1 D (2) m,r [22, pp. 56-57] , where r is the krank of G. In this case the ⋆-action (or ∆-action) of Gal(k/k) on the simple roots of G is trivial. By the arguments of Satake [16, §1.1, pp. 218-220] this implies that given any irreducible representation ρ of G k , some multiple nρ of ρ is defined over k. Therefore there exists an irreducible representation G → GL( U 1 ) equivalent to a multiple of the representation with highest weight 2µ m−1 . Restricting scalars to Q, we obtain an irreducible representation χ of G which is equivalent over C to a multiple of ⊕ α∈S U 1,α .
Choose α ∈ S, and let M be the smallest Hodge substructure of Proof. Let G → G be the universal covering of G. Then (3.2.1) shows that G(R) ∼ = α∈S G α , where each G α is isomorphic to the real Lie group Spin(6, 2). Since the derivative of G(R) → G(R) is an isomorphism, we identify their Lie algebras.
Let A → V be a Kuga fiber variety obtained from the H 2 -morphism G → Sp(V, β). This is the Hodge family determined by A, so A is the fiber A P for a general point P ∈ V. Let ρ be the composite H 2 -morphism Satake ([15, p. 451], [16] ) also constructed an H 2 -morphism
such that the scalar extension of ρ ′ to R is equivalent to ⊕ α∈S ρ α , where ρ α is the direct sum of two copies of the spin representation of G α having highest weight µ 3 . Let B → V be the Kuga fiber variety obtained from this representation, and let B := B P . Proposition 2.3.1 implies that the Hodge group of B is ρ ′ ( G). The representation of G α with highest weight 2µ 3 then appears in H 2 (B 2 , R). Let M ′ be an irreducible Hodge substructure of H 2 (B 2 , Q) containing this representation. The representation
also satisfies the H 2 -condition. The Kuga fiber variety obtained from this is the fiber product A × V B → V. The fiber over the point P is A × B, so Proposition 2. Proof. Lemma 2.1.1 shows that G(M ), the Hodge group of the Hodge structure M constructed in the proof of Proposition 5.1, is a quotient of G. Since G is (almost) simple, and M is a nontrivial Hodge structure, we see that G(M ) is isogenous to G. Suppose M (1) occurs as a Hodge substructure of H m−2 (B, Q) for an abelian variety B. Clearly, the Hodge groups of M and M (1) are equal. Using Lemma 2.1.1 again, we find that G(M ) is a quotient of G(B). Therefore g(B) = g ⊕ g 2 , where g 2 is a reductive Lie algebra which acts trivially on M (1). Since g is simple, it follows that g ss (B) = g ⊕ g ss 2 . Let W := H 1 (B, Q), and let γ be a Riemann form for B. As explained in §2.3, the inclusion ρ : G ss (B) → Sp(W, γ) is an H 1 -morphism which defines a Hodge family B → W having B as a fiber over a general point Q ∈ W. We have the primary decomposition W = ⊕ α W α , where the W α are the maximal primary G ss (B)-submodules of W ( §2.4). Since G(R) has no compact factors, Lemma 2.4.1 implies that any W α is either trivial as a g-module or trivial as a Since g 2 acts trivially on M (1), we see that M (1) occurs in the cohomology of B 1 , and we assume without loss of generality that B = B 1 , and G(B) is isogenous to G.
The isomorphism of G-modules . Since ζ is invariant under G(A×B), the possibility g(A)×g(B) is ruled out, so we conclude that G(A×B) is isogenous to G. Satake's classification of H 1 -morphisms [15] shows that the inclusion of G(A × B) into the symplectic group of H 1 (A × B, Q) satisfies the H 2 -condition and is a multiple of the standard representation. Lemma 2.2.1 now implies that B is isogenous to a power of A, contradicting Proposition 5.1.
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